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Abstract 

Covariance of a quantum space with respect to a quantum envelop- 
ing algebra ties the deformation of the multiplication of the space algebra 
to the deformation of the coproduct of the enveloping algebra. Since the 
deformation of the coproduct is governed by a Drinfeld twist, the same 
twist naturally defines a covariant star product on the commutative space. 
However, this product is in general not associative and does not yield the 
quantum space. It is shown that there are certain Drinfeld twists which 
realize the associative product of the quantum plane, quantum Euclidean 
4-space, and quantum Minkowski space. These twists are unique up to a 
central 2-coboundary. The appropriate formal deformation of real struc- 
tures of the quantum spaces is also expressed by these twists. 



1 Introduction 



Noncommutative geometries are described by replacing the commutative algebra 
of functions on an ordinary space with a noncommutative algebra. The noncom- 
mutativity is controlled by a perturbation parameter, if it is a small deviation 
from ordinary geometry. The algebraic aspects of such a perturbation can be de- 
tached from questions of convergence and continuity by considering formal power 
series. A noncommutative geometry is then described as a formal deformation 
of a commutative algebra [|TJ or by a star product 0. Such a description has 
attracted a lot of attention lately, due to its application to string theory || and 
to the construction of gauge theories on noncommutative spaces ||. 
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The description of physical spacetime by an algebra alone would not distin- 
guish Minkowski space from, say, Euclidean 4-space, which differs by the sym- 
metry that acts on it. Deforming a space algebra which transforms covariantly 
under a symmetry Lie group, will in general break the symmetry. But there 
are deformations, where the symmetry structure can be deformed together with 
the space, so that covariance is preserved. Quantum spaces |5],|6|,|7]] are such a 
class of deformations, carrying a covariant representation of the Drinfeld-Jimbo 
deformation []8],[| of the enveloping symmetry algebra. 

The deformation of an enveloping algebra into a Drinfeld-Jimbo algebra is well 
understood: As algebra over the ring of formal power series the deformed algebra 
is isomorphic to the undeformed one. In fact, if the Lie algebra is semisimple, it 
can be shown by cohomological arguments that the enveloping algebra cannot be 
deformed at all [|TJ. It is only the Hopf structure which is truly deformed. The 
deformed and the undeformed coproduct are non isomorphic but related by inner 
automorphisms, called Drinfeld twists [|1(J. Preserving covariance ties the defor- 
mation of the enveloping algebra closely to the deformation of the space algebra. 
Therefore, one ought to be able to use the knowledge about the deformation of 
the symmetry in order to deform the space algebra accordingly. Such an approach 



was suggested in |TTJ , where a Drinfeld twist was used to realize a quantum space 
as star product on the undeformed space algebra (for a similar approach see []12| ). 
By construction, such a star product is covariant with respect to the action of the 
Drinfeld-Jimbo algebra. However, the star product is in general not associative. 
The main question of this article is: Is there a Drinfeld twist which implements 
the associative product of a given quantum space? We will give a positive answer 
for three particularly interesting cases: the quantum plane, quantum Euclidean 
4-space, and quantum Minkowski space. 

In Sec. [|we review quantum spaces as covariant deformations and relate them 



to star products defined by Drinfeld twists JTTJ] . We recall the definition and 
properties of Drinfeld twists in the framework of formal algebraic deformations. 
Real structures of quantum spaces and of the according quantum algebras are 
taken into account: Gerstenhaber's rigidity theorem for algebras |IJ is extended 
to *-algebras (Prop. [Xj) and the deformation of space algebras is extended to real 
structures (Prop. |). In Sec. |3] we propose a general approach which reduces the 
algebraic problem of finding a twist which implements the multiplication of a 
quantum space to a representation theoretic problem. This works well for cases 
where the representation theory of the symmetry quantum algebra is well un- 
derstood: We determine the basis which reduces the quantum plane, quantum 
Euclidean 4-space, and quantum Minkowski space as module into its irreducible 
highest weight subrepresentations and calculate the multiplication map with re- 
spect to this basis. Comparing the multiplication maps with the representations 
of the twists leads to the main result: There are Drinfeld twists which realize the 
quantum plane (Prop. ||), quantum Euclidean 4-space (Prop. |9|), and quantum 
Minkowski space (Prop. |TU|) as covariant star products. These twists are unique 
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up to a central 2-coboundary. 

Throughout this article we assume that g is a semisimple Lie algebra, denoting 
its enveloping algebra by U(g). An element u G U(g)^ n+1 ^ is called g-invariant 
if it commutes with the n-fold coproduct A (n) (#) := g <g> l ™ + 1 <8> g (g) l^™- 1 ) + 

_l_ f a jj g £ q. The formal perturbation parameter is ft, the completion 

of a complex vector space or algebra A with respect to the ft-adic topology is 
A[[ft]]. The topological tensor product £g> of two free ft-adic vector spaces or 
algebras is avoided by identifying A [[ft]]® A' [[ft]] = (A ® A 1 ) [[ft]]. The ft-adic 
Drinfeld-Jimbo deformation |||| of U(g) is denoted by U%{q). The equality of 
two elements a, a 1 G A[[ft]] modulo ft™ will be written in Landau notation as 
a = a' + 0(h n ). Recall that if a = 1 + C(ft) then a is invertible and its square 
root with y/a = 1 + 0{K) is defined and unique in A[[h}} (see e.g. |XB]|). The 
symmetric ft-adic quantum number is defined by [n] := (e hn — e~ hn )(e h — e - ^) -1 
and for natural n the quantum factorial by [n]\ := [1] • [2] • • • [n\. 

2 Quantum Spaces and Drinfeld Twists 
2.1 Quantum Spaces 

Let q be the Lie algebra of the symmetry group of a space and X be the function 
algebra of this space. The elements g G Q of the Lie algebra act on X as deriva- 
tions, g > xy = (g > x)y + x(g > y) for x,y E X. A generalized way of writing this 
is 

gt>xy = (g {1) t>x)(g (2 )t>y) (1) 

for all g G U(g), where we introduce the coproduct of an enveloping algebra by 
9(i) ® 9(2) = A(g) :— g ® 1 + 1 ® g on the generators g G and extend it to a 
homomorphism A : U(q) — > U{%) ® U{%) on the enveloping algebra. 

Using the multiplication map \i : X ® X — > X, fi(x (g> y) := xy of X we can 
write (^|) as 

g>n{x®y)=n(&(g)>[x®y\), (2) 

the condition for the product \x to be covariant with respect to the action of U (g), 
which is meaningful not only for U(q) but for any Hopf algebra. In mathematical 
terminology, an algebra X which carries a representation of some Hopf algebra 
H such that Eq. (|l|) holds is called an if -module algebra. We will also call it 
an if-covariant space. The covariant spaces or module algebras of the quantum 
enveloping algebras U%{q) are called quantum spaces. 

As algebra, Uh(q) for semisimple q is not a true deformation of U (g) , because 
Uh(o) and W(g)[[ft]] are isomorphic as algebras (see Sec. |2.3| ). This means that ev- 
ery ft-adic space algebra X which is a U (g) [[ft]]-module is also a W^(g)-module and 
vice versa. In other words, if we considered only the algebra structure of U(q), 
then there would be no need to replace a commutative space with a noncommu- 
tative one when passing from the symmetry algebra to its quantum deformation. 
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It is the Hopf structure which is deformed in an essential way. That is, identifying 
Uh(q) and W(g)[[7i]] as isomorphic algebras, we can view the quantum deforma- 
tion as deformation of the Hopf structure of U(q) [[h]), A — > An, e — ► en, S — > S%. 
Since the covariance condition ([!]) ties the algebra structure of a space X to the 
coproduct, the multiplication map of the space must be deformed, /x — > fin, along 
with the deformation of the coproduct, A — > An, if the covariance is to be pre- 
served. Conversely, deforming the multiplication map of a covariant space, the 
coproduct of the symmetry algebra must be deformed accordingly, 

gt>xy= (g {1) > x) (g (2 ) > V) jp^ > 9 > (x * y) = (#(i a ) > x) * (g {2h) > y) , (3) 

A— >Afi 

where An(g) = g^ ®g(2 h ) and nn{x®y) = x*y. While there may be a large class 
of deformations which are covariant in this sense, we will restrict our attention 
to quantum spaces. 

2.2 Star Products by Drinfeld Twists 

In the case of quantum spaces, the deformed coproduct belongs to the Drinfeld- 
Jimbo deformation Un(s) — (W(g)[[7i]], An, en, Sn)- Drinfeld has observed (The- 
orem |IJ) that Aft is related to the undeformed coproduct A by an inner auto- 
morphism. That is, there is an invertible element T G {U(q) ® U(q))[[H]] with 
T = 1 + 0(h), called Drinfeld twist, such that 

A h (g) := ^A(g)^- 1 . (4) 

Comparing the covariance condition of the deformed multiplication, 

g > fi h (x ®y) = Hn(A h (g) >[x®y]) = ^(FA^)^ 1 > [x <g> y)) (5) 

with the covariance property (0) of the undeformed product, we see that Eq. (]5|) 
is naturally satisfied if we define the deformed product by JTT| 

Hh(x ® y) := fi(J r ~ 1 > [x ® y]) & x -k y := (JF" 1 > x)(F^ > y) , (6) 

where we suppress in a Sweedler like notation the summation of J2i <8> Tn = 
J-"[i] ® T\2\ ■ Since the elements of the Lie algebra q act on the undeformed space 
algebra X as derivations, acts as fo-adic differential operator on X <g> X . 
Hence, writing out the ft-adic sum of = 1 + h k T^ 1 we can define the 
bidifferential operators 

B k (x <g> y) := M^T 1 >[*®y]) = (^[1] > x )^k[2] > V) > ( 7 ) 
such that the star product @ can be written in the more familiar form 

x -k y := xy + hB\(x, y) + H 2 B 2 (x, y) + . . . (8) 
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Even though the twist T yields by Eq. (|) a coassociative coproduct, Eq. (pj) will 
in general not define an associative product. The associativity condition for fj,^ 
reads 

(x -k y) -k z = {J^ X) J^\ > ^)(^ r [ I] 1 ( 2 )-^[2'] > y)(F\2] t> z ) 

= (-^[T] 1 > x) (^(i)^!/] > y) {F[2](2)Fw] >z)=x*(y*z), (9) 

for all x,y,z G X. Defining the Drinfeld coassociator 

$ := (A <g> id) OF -1 ) (F^ 1 ® 1) (1 ® F) (id ® A)(F) , (10) 

the associativity condition (|) can be written as 

($[!]> z)($ [2 ] >y)($ [3 ]>z) = xyz. (11) 

The obvious question to ask is: For a given ^(g)-covariant quantum space, is 
there a Drinfeld twist T which yields by Eq. (Bp the associative product of the 
quantum space? We do not attempt to answer this question in its generality. 
Instead, we will consider some prototypical and physically important cases: the 
quantum plane, quantum Euclidean 4-space, and quantum Minkowski space. 



2.3 Drinfeld Twists of Quantum Enveloping Algebras 

For the reader's convenience we gather in this section some well known results on 
formal deformations of algebras and Hopf algebras, essentially due to Gersten- 



haber 11 and Drinfeld PL ITU 



An ft-adic algebra A' is called a deformation of an algebra A if A'/hA' and 
A are isomorphic as algebras. Analogously, an ft-adic Hopf algebra H' is called 
a deformation of a Hopf algebra H if H'/hH' and H are isomorphic as Hopf 
algebras. Recall that U(q) is a Hopf algebra with the canonical Lie Hopf structure 
defined on the generators g G g as coproduct A(g) = g<S>l + l®g, counit e(g) = 0, 
and antipode S(g) = —g. The Drinfeld- Jimbo algebra Uh(d) is a deformation of 
this Hopf algebra This can be seen by developing the commutation relations 

and the Hopf structure of U^q) as formal power series in H and keeping only the 
zeroth order terms, which yields the commutation relations and the Lie Hopf 
structure of U(g). 

Gerstenhaber has shown HJ that whenever the second Hochschild cohomology 
of A with coefficients in A is zero, H 2 (A, A) = 0, then all deformations of A are 
trivial up to isomorphism. That is, any deformation A' of A is isomorphic to 
the ft-adic completion of the undeformed algebra, A' = A[[h]]. Algebras with 
this property are called rigid. The second Whitehead lemma states that the 
second Lie algebra cohomology of a semisimple Lie algebra q and, hence, the 
second Hochschild cohomology of its enveloping algebra is zero. Therefore, the 
enveloping algebra U(q) of a semisimple Lie algebra g is rigid. In particular, 



5 



there is an isomorphism of algebras a : Uh{$) — > ^(f0[[^]]> °y which the the Hopf 
structure A', e', S' of U%(q) can be transferee! to W(g)[[/i]], 

A h := (a <g> a) o A' o a' 1 , e R := e 7 o cT 1 , S { :=aoS'oQ 4 , (12) 

such that a becomes an isomorphism of Hopf algebras from Uft(g>) to 
with this deformed Hopf structure. Let a' be another such isomorphism and A' h , 
e' h , S' h be defined as in Eq. (|l^) with a' instead of a. Then a' is an isomorphism 
of Hopf algebras from Un(g) to with the primed Hopf structure, 

{U{$)[[h}l& h ,e n ,S h )^U n {Q) {U{$)[[h]],M n ,e' n ,S' n ), (13) 

hence, a 1 o a' 1 is an isomorphism of Hopf algebras. We conclude that, while the 
Hopf structure Eq. fll2|) may depend on the isomorphism a, it is unique up to an 
isomorphism of Hopf algebras. 

As a consequence of the first Whitehead lemma, the first Hochschild cohomol- 
ogy of the enveloping algebra U(q) of a semisimple Lie algebra is zero. This im- 
plies, that the two homomorphisms A and A^ from W(jj)[[ft]] to (U(g) ®U(g))[[h]] 
with Aft = A + 0(h) are related by an inner automorphism, as it was observed 
by Drinfeld @,|n|. 

Theorem 1. Let g be a semisimple Lie algebra, and let A R be defined as in 
Eq. ( [12]) . Then there is an invertible element T e (U(q) <S> U(g)) [[H]\ such that 
Aft((?) = J r A(g)J r ~ 1 , which is called a Drinfeld twist from A to 

On the first sight Theorem [1] only relates the coproducts. It turns out that 
the twist of the coproduct relates counit and antipode, as well. 

Corollary 1. Let T be a Drinfeld twist from A to A^ as in Theorem^. 

(i) If T 1 is another Drinfeld twist, then T~ X T' is invertible and Q-invariant. 
Conversely, let T 6 (W(g) ®W(g))[[ft]] be invertible and Q-invariant. Then 
TT is a Drinfeld twist. 

(ii) e h = e 

(iii) There is a twist T such that e(J r [i])J-'[2] = 1 = ^^(J 7 ^]), which implies 
T = 1 + 0(h). Twists with this property are called counital. 

(iv) The two elements ofU(g)[[h]] defined as 

af 1 := S(T^)^ , a 2 := T {l] S(T {2] ) (14) 

are invertible, o-^ 1 a 2 = c^af 1 is central in U(q)[[Ii]], and a 1 S(g)a^ = 
S h (g) = ^S(g)a^ for all g E U(g)[[h)]. 

(v) The coassociator $ defined as in Eq. ([II]) is Q-invariant. 
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(vi) The deformed Hopf structure on 14(q)[[H]] is isomorphic to the undeformed 
one if and only if there is a Drinfeld twist of the form T = (u <8> m)A« _1 
for some invertible u G U(q) [[h]]. 

A proof can be found in the appendix. The multiplication of a twist with a g- 
invariant element as in (i) is sometimes called a gauge transformation of the twist. 
Counitality (iii) is often part of the definition of twists. Therefore, we will assume 
from now on that all Drinfeld twists are counital. It can be shown that there are 
twists for which the elements o~\ and er 2 of (iv) are equal fl5| . However, this is 



not the case for all twists. For example, assume that o\ = cr 2 for some twist J 7 , 
and assume that there is a cubic Casimir c G U(g) with S(c) = — c. Then T' '■— 
T\\ ® (1 + he)] is another Drinfeld twist for which a'i a' 2 = erf er 2 (l + hc)~ 1 S(l + 
he) = (1 + /ic) _1 (l — he) 7^ 1. Part (vi) of the corollary applies also to the 
case where Eq. (|12D defines for two different isomorphism a and a' two different 
coproducts Aft and A^. Here, the automorphism which relates the two coproducts 
is (3 := a'oT 1 . Note that elements of the form (u <8> m)A« _1 are 2-coboundaries 
in the sense of Since A is co commutative, 2-coboundaries are symmetric. 
Hence, the twist (|) of A by a coboundary yields a cocommutative coproduct. 
The coproduct of the Drinfeld- Jimbo deformation is not cocommutative, so it 
cannot be isomorphic to the undeformed, cocommutative coproduct. 



2.4 Real Forms of Enveloping Algebras 

Lie groups are usually viewed as real manifolds, even though they may be nat- 
urally defined as complex matrix groups. For example, the universal covering 
of the Lorentz group SL(2, C) is viewed as real 6-parameter Lie group, the gen- 
erators being the three rotations and the three boosts. When considering the 
complexification g := C (S>k g of a real Lie algebra, we have to keep in mind 
that non-isomorphic real Lie algebras can have the same complexification. For 
example su 2 and sl 2 (R) have the same complexification A\. A practical method 
to remember the real Lie algebra which a complexification comes from is to ob- 
serve that for any real Lie algebra g there is an antihomomorphism * defined as 
g* := —g for all g G g, which can be extended to a conjugate linear antihomo- 
morphism on the complexification by (a ®m g)* '■— a ®r g* for all a G C, g G Q. 
This defines a *-structure on q, that is, a conjugate linear antihomomorphism, 
which is an involution, * 2 = id. Given the ^-structure we can reconstruct the real 
Lie algebra as being generated by all elements of the form (g — g*) G g. 

The identification of real forms of a complex Lie algebra with ^-structures can 
be extended to the enveloping Hopf algebra U(q). In general, a *-structure on a 
Hopf algebra is a conjugate linear antihomomorphism *, which is an involution 
and a bialgebra homomorphism, A(g*) = (Ag)*®*. Algebras and Hopf algebras 
with such a *-structure are called *-algebras and Hopf *-algebras, respectively. 
Finally, if if is a Hopf *-algebra and X an if-module algebra with a *-structure, 
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such that in addition to Eq. ([I]) we have 

(g>x)* = (Sg)*>x* (15) 

for all g G H, x G X, then X is called an if-module *-algebra, or a real H- 
covariant space. 

Analogously as for algebras, an ft-adic *-algebra A' is called a deformation of 
a *-algebra A if A'/ HA' and A are isomorphic as *-algebras. A is called rigid as 
*-algebra if for any deformation A' of A the ft-adic completion A [[ft]] and A' are 
isomorphic as *-algebras. 

Proposition 1. Let A be a *-algebra with zero first and second Hochschild coho- 
mology, H 1 (A,A) = H 2 (A,A) = 0. Then A is rigid as *-algebra. 

Proof. Let (A', *') be a deformation of (A, *) as *-algebra. H 2 (A, A) = implies 
that A is rigid as algebra, so there is an isomorphism of algebras /3 : A' — > A[[h]]. 
Define *p := /3o*'o/3 _1 . Because *' is a deformation of *, we have *p = * + 0(h), 
and thus, as * 2 = id, *p o * = id + 0(h). H l (A, A) = implies that this 
algebra automorphisms is inner, (g)* 00 * = ugu^ 1 for some invertible u G -A[[ft]]. 
Thus, g*? = {u*)- x g*u* for all g G A[[h]]. Since * 2 p = id, we have (g* )*? = g = 
(u*)~ 1 ugu u* , so u~ l u* = u*u~ x is central. Since *p is a deformation of * we can 
choose u such that u = l + 0(h) and, thus, u~ l u* = 1 + 0(H), so the square roots 
of u* and u~ l u* are defined and invertible. Define an isomorphism of algebras 
a : A 1 -> A[[h]] by 

a(y):=(«*)M(y) («*)"'■ (16) 
Using that the square root of a central element is central, we get 

0- := (a o *' o oT 1 )^) = («•)* (/Wo /T 1 ) [(«*)"* 5 («T* 

= (u*)^^)- 1 ^)!^^)-^*^*)-^ = (trV)-* 3* ( U ~V)3 = , (17) 

which shows that a : (A', *') — ► (A [[ft]], *) is an isomorphism of *-algebras. □ 

This proposition applies in particular to the real forms of enveloping alge- 
bras of semisimple Lie algebras. In fact, if * is a ^-structure on U(q) and 
*' is a ^-structure on Uh(q), such that (Uh(q),*') is a deformation of (U(g),*) 
as Hopf *-algebra, we can (and shall) always use an isomorphism of *-algebras 
a : (Mh(d),*') —> (f(s)>*) to transfer the Hopf structure by Eqs. (|TJ). In this 
case there are twists with particularly interesting properties with respect to the 
*-structure: We will call a twist unitary and real, respectively, if 

unitary: (* <g> *)(.F) = J 7 ' 1 (18a) 
real: (* ® *)(JF) = (S ® S)(F 2 i) ■ (18b) 

A twist which is both, unitary and real, is called orthogonal. 
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Proposition 2. There is an orthogonal Drinfeld twist from A to An- 



Proof. In Theorem 4.1 of |17| it was shown that there is always a twist with 
(S <g> S)(J-) = ^21 ■ By assumption, the *-structure is a homomorphism of 
coalgebras for both, A and A h . Thus, (* ® = (JF -1 )* is also a twist, 

so T := JF _1 (JF -1 )* = 1 + is g-invariant and T' := T\fT is another twist. 

It is easy to check that T' is unitary and real. □ 



2.5 Real Structures on Star Products 

The quantum spaces we want to consider here, the quantum plane and quantum 
Minkowski space, possess a real structure which is covariant with respect to a 
real form of the symmetry algebra. That is, (U(q),*) is a Hopf *-algebra and 
(X,/jl,*) is a module *-algebra, the action of U(g) on X and the ^-structures 
satisfying Eq. (|HJ). For a general twist Eq. (^) will not define a multiplication 
which is compatible with any real structure. Assume that we deform the product 
\i — > \i% of the real covariant space (X,fi, *) but not the ^-structure. Then 

(x*y)* = [{T^>x){T^>y)\* = (^>y)*(^>x)* 

= (.F [2] [S^Y > y)* * {F [x] [SJ^Y > *)* , (19) 

which shows that the undeformed ^-structure is an antihomomorphism with re- 
spect to the deformed product, if T is chosen to be real in the sense of Eq. ( |18b| ), 
which was proved to be possible in Prop. |2|. However, the undeformed ^-structure 
of X will in general not satisfy the module *-algebra property flT5|). Thus, while 
Prop, p] shows that the undeformed and deformed ^-structures of the symmetry 
algebra W(g)[[7l]] can (and shall) be chosen to coincide, this is not possible for 
the *-structures of the deformed and undeformed space algebras. However, there 
is a unique element a of the symmetry algebra which mediates the deformation 
* —> *n of the real structure of X by x* h := a~ l \>x* . This element is characterized 
by 

Proposition 3. There is a unique element a G W(g)[[ft]] such that 

a = l + 0(h), S h {g) = a{Sg)a-\ A h {a) = a <g> a . (20) 
Moreover, a* = a. 

Proof. Let a : £4(g) — > U(g)[[h}} be the isomorphism of algebras which is used to 
define the deformed Hopf structure by Eqs. ([121) . Let 1Z be a universal 7£-matrix 
of U k {q) and 

K H :=(a®a){K), (21) 
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such that Tin becomes a universal 7£-matrix with respect to A^. It was shown in 
Prop. 3.16 of [ 10 1 and Theorem 4.1 of that there is a Drinfeld twist T from 
A to A/j such that 

K h = jr 2ie mc)-C®l-l®C ):F -l and (5 g, = jr-l ? (22 ) 

with the canonical quadratic Casimir C := gig^K^ , where {gi} is a basis of g, 
:= tr(ad (7i ad is the Killing metric, and K 1 -* its inverse, K^Kjk = 8 % k . 

Let erf 1 and 02 be defined for such a twist as in Eq. (|i~4"l) , and let a := 
■sj<j\<j2- Since erf 02 is central, so is its square root. Hence, Sn(g) = a^Sg)^ 1 = 
(Ji a/ a^ l a 2 (Sg)y f a 2 1 a l a^ 1 = cr( y Sg)o- 1 . 

From the second equation of fl22| ) we deduce S^ ^) = erf 1 , so S(a) = a" 1 . 
From the first equation of (|22| ) we compute w := 5 , ^,(72.^[ 2 ] )72.^[ 2 ] = a iS(cr^ l )q~ c = 
<Ji&2<l~ C = c 2 q~ c . From the properties of universal 7£-matrices it follows that 
uS%[u~ Xs ) = a 4 is group-like with respect to A^, A^(cr 4 ) = a\ ® erf. Since a 4 is 
group-like, its fourth root a is group-like, as well. 

Now let o' = 1 + 0{ft) be another element with S%{g) = a\Sg)a'~ l which 
is group-like with respect to A%. Then z := a'cr^ 1 is central and group-like, 
Afr(z) = z ® z = T~ x (z ® z)T = A (z), with respect to both coproducts. Since 
z = 1 + there is an a such that z = e . Since z is group-like and central a 
must be primitive, A(a) = a® 1 + 1 ®a, and central in every order of a = ^\ Tfctj. 
Being primitive, the a« are elements of the Lie algebra, a« G g C ZY(fl). Since g 
is semisimple it does not contain nontrivial central elements, so a« = for all i, 
that is, a = 0. Hence, 2 = cr'cr -1 = 1. 

Clearly, a* = 1 + 0(h). From Sft = * o o * it follows that S^*/) = 
cr*(5'(y')(cr*) _1 . Since a is group-like with respect to A^, so is a*. By uniqueness 
of an element with properties (^Op we conclude that a* = cr. □ 

Now we can show, that a realizes the deformation of the real structure in the 
promised manner: 

Proposition 4. Let T be a twist from A to A^ which is real in the sense of 



Eq. ( |18b|) and let (X,fi,*) be an h-adic module ^-algebra of (Li (g) [[ft]] , A, e, S, *) 



Define [in as in Eq. ([]) and *n : X — > fry 

x *s : = o-- 1 > x * (23) 

for all x E X, where a is the unique element of Prop. [|. Then (X,fj,n,*h) is a 
module *-algebra of (U(g)[[H]], A h , e h , S h , *) 

Proof. By construction, *^ is conjugate linear. We have to show that *n is an 
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algebra antihomomorphism. Writing pn{x ® y) = x * y, we get 



( x * y)** = a- 1 > [(^ > x)(^ [2] 1 > y)Y = ^ > > y)*(^ > 

_ — 1 . /[n-r- ll* - r>,*\ ( \ Q f— ll * 



a" 1 > ([SF-fl* >y*)([SF-{r >x*) = a' 1 > >y*)(^ > 



[i] 



(a 1 >y*)*(a 1 > x* 



(24) 



where we have used the module *-algebra condition (|15|), the assumed real- 
ity ( |18b|) of JF, and that a is group-like with respect to A h . Since 



x T 



a" 1 > (a' 1 > x*Y 



a-\Sa 



1 )*>x = a 1 a*>x = x 



(25) 



*^ is an involution. Finally, the module *-algebra condition (Hj) holds, 

> x)* h = a" 1 > ( 5 > x)* = cr ^ g)* >x* = (a^YiSg)* > x* 

= (Sngyicr- 1 )* t>x* = (S h g)* > (a- 1 > x*) = (S h g)* > x* ft , 

where we have used the properties of a from Prop. |||. 



(26) 
□ 



2.6 Representations 

The ^.-adic representations of the algebra we are most interested in are 

those which are the /i-adic completion of the representations of U(q). If D — (V, p) 
is a W(g)-module with complex vector space V and structure homomorphism p : 
U(g) — > Endc(V^), its ft-adic completion D = (V,p) is defined on V = V[[h]] with 
an order by order extension of p, p(^2 k ?i k gk) '■= Ylik^ k P{9k) Endc(V)[[7i]] = 
Endc[[?i]](V A [[^]]). In particular, V is free over C[[h}} and p is C[[/i]]- linear. Note 
that, even if D is an irreducible representation of U(q) this is no longer true for 
D. For example, hV would be an invariant subspace of V. D is irreducible only 
in the sense that there is no subspace U C V such that U := U[[h]] is an invariant 
subspace of V. 

Let {Ek, H/,, Fk | k — 1, . . . , n} be a Cartan-Weyl basis of the semisimple Lie 
algebra q, and rj be the Cartan subalgebra which is generated by {Hk}. Clearly, f) 
is a Lie subalgebra of the enveloping algebra, rj C U(g) [[h]\. By construction, the 
/i-adic Drinfeld-Jimbo deformation ofU(g) does contain the Cartan subalgebra as 
a Lie subalgebra, as well, rj C U%{q). Drinfeld has shown, that the isomorphism 
of and £4(g) can be chosen to leave the Cartan subalgebra invariant: 

Theorem 2 (Drinfeld ||14j| , Prop. 4.3). Let g be a semisimple Lie algebra and 
(]Cjo Cartan subalgebra. Then there exists an isomorphism of h-adic algebras 
& '■ Mh{8) ^(fl)[[^]] such that a = id + 0(H) and a|t, = idf,. 
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This has important consequences for the representation theory. Recall, that 
every finite dimensional irreducible representation of U(q) is a highest weight 
representation D 3 = (V^p 3 ), generated by a highest weight vector v G V 3 with 
p?(E k )v = and p>{H k )v = j k v for all k, where j k G |N , j := (ji, • • • ,j n ) being 
called the highest weight. Furthermore, there is a basis of V 3 which consists of 
simultaneous eigenvectors of H k , called the weight basis. The same is true for 
the finite dimensional representations of the Drinfeld-Jimbo algebra U q (g) for a 
fixed value of q UTE[|I5|1 , the weight- j representation D 3 = {V 3 , p 3 q ) ofU q (g) being 
defined on the same weight basis as D 3 . By the substitution q \— > e h , D 3 can 
be extended to an ft-adic representation D 3 h := iV 3 [[h}}, p 3 h ). Since, Uh(q) and 
are isomorphic as algebras, there is a bijection between their represen- 
tations. Theorem ^ implies that the isomorphism a : Un(d) ~^ can be 
chosen, such that 

p\ = poa. (27) 

If both p 3 h and p 3 are known this equation can be used to calculate the isomor- 
phism a. 



3 Constructing Covariant Star Products 
3.1 The General Approach 

As explained in Sec. [2.2| we are asking, if there are Drinfeld twists which imple- 
ment the product of quantum spaces by Eq. |[ To our knowledge, no Drinfeld 
twist for the Drinfeld-Jimbo quantum enveloping algebra of a semisimple Lie al- 
gebra has ever been computed. This suggests, that it will be rather difficult to 
answer this question on an algebraic level. The representations of Drinfeld twists, 
however, can be computed as we will demonstrate for W^(su2) in Prop. [5[ There- 
fore, we propose the following approach, which allows us to tackle the problem 
on a representation theoretic level: 

Consider a W^(g)-covariant quantum space algebra and its undeformed 
limit, the W(g)-covariant space algebra X . 

1. Determine the irreducible highest weight representations of all possible 
Drinfeld twists from A to A^. 

2. Determine the basis of the quantum space X h which completely 
reduces X h into irreducible highest weight representations of Un{o), 

X n S Span c[M] {T4 fc | m weight of D{} , (28) 

such that gt>T 3 m k = T 3 m , :k pi{g) m ' m for all g G £4(g), where m is a weight, j 
is the highest weight, p 3 h is the structure map of the /i-adic highest weight- j 
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representation D 3 h of Uh{q) as explained in Sec. |2l| and where k labels the 
possibly degenerate highest weight- j subrepresentations. 



3. Calculate the multiplication map [i^ of X^ with respect to this basis. The 
undeformed limit k : = lim^ F 3 m k then yields the basis which completely 
reduces the undeformed space algebra X. The limit /i = lim^ is the 
commutative multiplication map with respect to this basis. 

4. With respect to the basis {T^ ukl ® of (X ® X)[[H]] the action of the 
twist is given by the highest weight representations (fP 1 ® p 32 )^). Now we 
can check if one of the twists realizes the deformed multiplication map by 
Eq. (^) as linear operator with respect to this basis. 

Since this procedure reduces the algebraic problem to a representation theoretic 
one, it works well for quantum spaces of W/i(su 2 ), Uniso^), and W/^s^C)) where 
the representation theory is well understood. 



3.2 The Drinfeld Twists of W R (su 2 ) 

We now consider the case of g = Ai, the complex Lie algebra with Cartan-Weyl 
basis {E, H, F} and relations [H, E] = 2E, [H, F] = -2F, [E, F] = H. The real 
form of A\ which corresponds to the *-structure E* = F, H* = H, F* = E is 
SU2, the Lie algebra of the group of unitary 2x2-matrices. 

Definition 1. The complex h-adic algebra generated by E, H, F with commuta- 
tion relations 

hH _ -hH 

[H,E}=2E, [H,F} = -2F, [E,F} = — -, (29) 

e — e 

Hopf structure 

A'(E) = E ® e hH + 1 ® E , 

A'(F) =F® l + e- m ®F, S'(F) = -e hH F, e'(F) = 0, (30) 
A'(H)=H®1 + 1®H, 

and involution E*' = Fe hH , F*' = e~ hH E , H*' = H is called Uh{su 2 ), the h~- 
deformation o/W(su 2 ) Jl6[,|II|/. It is quasitriangular with universal TZ-matrix j^/ 

oo / fi —h\n 

U = e h(H®H)/2j2 e ^(n-m y e ~ e I (#n g ^n) (3^ 

n=0 L n J ' 

By construction, the commutation relations and Hopf *-structure maps of 
W^(su 2 ) coincide in zeroth order of h with those of W(su 2 ). Therefore, W^(su 2 ) is a 
deformation of W(su 2 ) as Hopf *-algebra. The ft-adic deformation is obtained from 



S'(E) = 


-Ee~ hH , e\E) 


= 


S'(F) = 


-e hH F , e\F) 


= o, 


S'(H) = 


—H , e'(H) 


= 0, 
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the g-deformation by the substitutions q = e h , K = e hH , and K 1 = e hH . By the 
same substitution we obtain for each j e ~N the /i-adic spin-j ^representation 

p£(£) | j, m) = e h ^ y/[j+m + l][j-m] \j, m + 1) 

p> h {F) \j, m) = e ~ hm ^[j+m}[j-m + l} \j, m - 1) (32) 

p 3 h (H)\j,m) = 2m\j,m) , 

on the (2j + l)-dimensional free C[[h]] -module V^ffft]] with orthonormal weight 
basis {\j,m),m = + which we denote by D 3 h := (V 3 [[h]}, p 3 h ). 

Using the coproduct, tensor representations are constructed as 

Di 1 ® D£ : = (V* ® V™ p^ 2 := (Pi 1 ® P^) ° A') (33) 

and analogously for the undeformed case. The decomposition of such a tensor 
representation into its irreducible subrepresentations is the Clebsch-Gordan series 

D{l <g> D 3 h 2 = D l3l - nl © Df~^ +1 © ... © Z^ 1+i2 . (34) 

Let us denote the embedding of the irreducible spin-j component into the tensor 
representation by C^ 1J2J and the projection onto this component by (C| 1J2J ) _1 , 
such that 

i>lMi)('r J = C 31323 P { im (g) = C*** (pf ® f#){A'g) (35) 

for all g G £4(su 2 ). Denoting the basis vectors of D 3 ^ ^Dj 2 by |ji, j 2 , m 2 ) and 
those of the irreducible spin-j subrepresentation by \j, m), the g-Clebsch-Gordan 
coefficients are defined as 

(l\l 2 2 \l) q ■= {h:m x -,j 2: m 2 \C^\j,m). (36) 

The g-Clebsch-Gordan coefficients are not unique, because the basis vectors \ j, m) 
are only determined up to a phase. We will follow the choice of [23], where 

E( h h I 3 \ { h 32 I j' ) _ x x. 
\ mi m 2 \m) q \ mim2 \m') q u mm'Uj/ 

mi,m2 

Vf 31 32 I 3 ) ( h , 32 \ 3 ) =5 ,8 

/ j \mim 2 | m )„ \ m' x m' 2 \m ) q u ra 1 m' 1 u ; 



(37) 



3,™ 



Clearly, the representation theory of W^(su 2 ) is a deformation of the one of U (su 2 ). 
In the limit h — > or, equivalently, q — > 1 of Eq. ([36]) we get back the undeformed 
Clebsch-Gordan coefficients. Since Z//?i(su 2 ) and W(su 2 )[[ft]] are isomorphic as *- 
algebras their representations are isomorphic, as well. Due to Theorem we can 
choose the isomorphism a : W^(su 2 ) — > W(su 2 )[[fr]] as in Eq. (|27]) such that 



pf. = pP o a , (3£ 



14 



where p 3 : W(su2)[[ft]] — >• End (V 3 )[[h]] is the ft-adically extended structure map of 
the undeformed enveloping algebra (We omit the bar which denoted the ft-adic 
completion in Eq. (p7|)). If we set g = a" 1 (g') in Eq. (|35|) we thus get 

P J (</) C™ = C™ (p* <g> p j2 )(A h g') (39) 



for all </ G W(su2), where is defined as in Eq. (|T2|). 

It is rather obvious that the representations of Drinfeld twists should be given 
by a contraction of the deformed and undeformed Clebsch-Gordan coefficients, 
as it was already mentioned in [21]. 

Proposition 5. Let J 7 be a counital Drinfeld twist from W(su2) to Uh{su2)- The 
irreducible representations of T are of the form 

(p* ® fP 2 Wr im2 m{m ' 2 = £ vtiiihJ) ( 4 £ 2 1 L ) q ( 5 i | i ) , (40) 

where for given values of jy, ji, and j the factor i](ji,j2,j) G C[[ft]] zs a formal 
power series in h with r)(ji, j 2 , j) = 1 + 0{h). 

Proof. Within a D 31 ® .D- 72 tensor representation we get for all g G W(sl2) 

= C 3 q 1323 (p l: ® pi^rAg^C' 1 ™')- 1 

= Ci lhj (p 31 ® p j2 )((A^)^)(C^")- 1 

= pi(g)C?M (^ ® p*>)(^)(C7^')- 1 , (41) 



where we have used Eq. ([39]) and the analogous relation for the undeformed 
case. Let us develop rj := C 31323 (p 31 ® p 32 )^) [C 3132 ' 3 ) _1 into an ft-adic series 
?7 = h k r]k- Then Eq. (p]) implies that each r]k is a module map from the spin-j' 
to the spin-j irreducible subrepresentation of the D 31 ®D 32 tensor representation. 
By Schur's lemma each % must be zero for j ^ j', while for j = j' the rjk are 
C[ [ft]] -scalar multiples of the identity map id D j. Hence, 

^ (p* ® = £//f./,-./2../)(0; L c™ , ( 42 ) 

i 

where for given jy, j 2 , j, J2, j) £ C[[ft]]. Taking matrix elements of the last 
equation and using the definition ( j36|) of the Clebsch-Gordan coefficients yields 
Eq. (|0|). Finally, ^ = 1 + 0(h) implies n(ji, j 2 , j) = 1 + □ 

The Drinfeld twist with the canonically simplest representations would be the 
one with T](ji,j2,j) = 1- Such a twist exists, indeed. 
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Proposition 6. There is a unique Drinfeld twist J- s , called the standard twist, 
for which the irreducible representations of Prop. [| are such that T]{ji,j2,j) — 1 
for alljx, j 2 , j. 

Proof. Define a scalar conjugation u i— > u on W(su2) by extending the identity 
map on the Cartan-Weyl generators of SU2 to a conjugate linear automorphism 
of W(su2), e.g., aEF = aEF etc. Since both coproducts are real with respect 
to this conjugation, A(g) = A(g) and A h (g) = A h (g) the conjugation of Eq. ([|) 
shows that, if T is a counital Drinfeld twist, so is T and, hence, T' := !F). 
In the representation ([J2|) and its undeformed limit the Cartan-Weyl generators 
are represented by real matrices, thus, fJ(g~) m m ' — P^{g) m m,'- We conclude that 
if v(jii32,j) = V are the factors of the representations of J 7 , fj are those of 
T and rf = t] + fj those of J 7 '. As in the proof of Prop. ^ the twist T" : = 
JF / (F /_1 (F / *) _1 ) 1 / 2 is unitary. The factors 77" of the representations of !F S are real 
because those of T' are real, and unitary rj" = rj"^ 1 because T" is unitary. Hence, 
V = vUiihij) — 1- Since any two T with the same representations are equal, 
T" is the unique standard twist. □ 

Proposition 7. The standard twist J-" s is orthogonal. 

Proof. It was shown in the proof of Prop. || that J-^ is unitary. Moreover, 

® P n as ® s)(^ s )) mim2 mim , = ~k Vm\ ( -1 X \L) 

= E ( & & U ) ( 5 A I i ), = ^ ® ^)^r%s > ( 43 ) 

where we have used ^(Sg)™^ = (-l) m ~ m ' pJ (g)~ m '_ m and that (^\^ 2 2 | = 
( I J m \. We conclude that (5 ® S)fr) = T^l = (* ® *)(^ s21 ). □ 

3.3 The Quantum Plane 

The quantum plane || is perhaps the simplest nontrivial example of a homoge- 
neous quantum space. In analogy to the undeformed case, the generators x_ and 
x + are defined to carry the fundamental spin-^ representation of Unis^), 

g\>x m := x m >p 2 h {g) m m , (44) 

where the indices run through {— , +} = { — |, +|} (summation over repeated up- 
per and lower indices). We also denote the generators by x = x~ and y = x + . Let 
C(a;_, x + ) [[h]} be the free ft-adic algebra generated by a;„ and x + . By construc- 
tion, an algebra which is freely generated by a Wft(su 2 )-module is a Wft(su 2 )-module 
algebra. The quadratic terms x mi x m2 thus carry a spin-(| ® ~) tensor representa- 
tion. If we want to divide the free algebra by quadratic relations in such a way that 
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the quotient algebra is again a i4(su2)-module algebra we must divide by an ideal 
which is generated by a submodule of the representation D\[ 2 ® D\[ 2 = © D\ 
of all quadratic terms. Dividing by D\ would yield a deformation of the exterior 
algebra, whereas dividing by the scalar part D\ yields the desired deformation of 
the commutative algebra of functions on the 2-dimensional plane. This amounts 
to the commutation relations 



( mi IS I o ) a x ™ x ™2 = xy = qyx , (45) 



Et 1/2 1/2 | 
V m\ ni2 

mx,m2 



where q = e 



n 



Definition 2. The h-adic algebra freely generated by x = x_ and y = x + with 
commutation relations ( f4"5] ) is called the h-adic quantum plane ^(C 2 ). 

We now want to write the product of the quantum plane, Hn{xi <%>X2) '■= xi%2, 
explicitly as a linear map with respect to a basis. For our purposes, the appropri- 
ate choice is the basis which reduces the quantum plane as Wa(su2)-module into 
its irreducible subrepresentations. In order to find such a basis, we recall that, as 
in the undeformed case, finding the irreducible spin-j subrepresentations is the 
matter of finding the highest weight- j vectors, that is, the elements of ^(C 2 ) 
which transform as in Eqs. d32|) . A simple ansatz shows that, up to scalar 
multiples, the only element of the quantum plane with this property is x+ . Act- 
ing on with the ladder operator F generates the other basis vectors of the 
-D^-subrepresentation. Identifying in Eqs. fl32|) \j,m) with T^, we have to define 



T j . = f (j-m)(2m-j+l) / U + m ) ! / pj-m 2jx ^gx 

m ' q \J [2j]\\j-m}\ [ +) 1 j 

for m G {—j, — j + 1, . . . , j}, such that 

g>Ti = Ti,p{(g) m ' m (47) 

for all g G W^(su 2 ). The basis {T^} then reduces the quantum plane into its 

irreducible subrepresentations, Af^C 2 ) = D\ © D]j 2 © D\ . . . Calculating Eq. ([46|) 
explicitly, yields 



m Lj+mJ 9 -2 - + ' LfcJg-2 y [n-k]\[k}\ V 



is the g-binomial coefficient. By construction, T£ T%^ carries a spin-(ji ©j'2) ten- 
sor representation which can be reduced using the g-Clebsch-Gordan coefficients. 
Hence, the elements 

A3 ■— \^ ( ji 32 I j \ 'Th 7>J2 (AO) 
m / j \ m\ ni2 \ m ) q M mi x m-2 \ I 

mi ,m2 
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are either zero or the basis of a spin-j subrepresentation of Xn(C 2 ). Since 
generates the only spin-j subrepresentation, A> m must be proportional to T^. 
Moreover, because of its homogeneous commutation relations the algebra Xn(C 2 ) 
is graded. That is, the degree of the product of two homogeneous elements 
and T% 2 is the sum of their degrees, deg (T^T^) = degfT^J + deg(T4 2 2 ) = 
2(ji + 32)- As A J m and are proportional, they must have the same degree. 
Thus, A? m has to vanish unless 3 = ji +32- Looking at the highest weight vectors 
we find ^4ji+j2 = x 2 + 1+ ^ = Tj^j*. Using the orthogonality relation ([J7|) we can 



move the g-Clebsch-Gordon coefficients to the left hand side of Eq. (49). As end 
result, the multiplication map \l% of the quantum plane is given with respect to 
the basis {T^} by 

For the undeformed limit of the basis := lim^o^ and multiplication map 
(x := lim^o^R one gets 

rplj — ( 2j \1 j-m j+m ..('T'lh (sAT'i 1 ) = ( Jl & I 3i+32 \ m'h+h fn\ 
± m \j+in/ — + ' rrmi w V mi m 2 | mi+m 2 / mi+m2 \' J± J 

Comparing Eqs. ([5(]) and (^l|) with the representations fl40D of the Drinfeld twists 
we obtain the following 

Proposition 8. Let lih be the multiplication map ( p0|) of the h-adic quantum 
plane X^C 2 ), ll = lim^ f^n Us undeformed limit, and J- s the standard twist of 
Prop. |^. Then Li h is the deformation (|G|) of li by T B , Lin(x0y) = li(J- s ~~ > \x®y\). 

Finally, let us turn to real structures. Since according to Prop. |3.2| J^ is real in 
the sense of Eq. ( |18b| ), Prop. f| applies. Within i4(su 2 ) we have S' 2 (g) = KgK^ 1 
with K = e hH for all g G U h (su 2 ). Clearly, K is group-like, A'(K) = K ® K. 
Recall that, in order for the representations of W(suz) [[/&]] and W^(su2) to be 
related by Eq. fl38|) , we chose the isomorphism a : Unis^) — ► ^( su 2)[[^]] according 
to Theorem || such that a(H) = H. On the one hand, S\{g) — (ao S' 2 o a)(g) = 
KgK^ 1 . On the other hand, S\(g) = a 2 gcr~ 2 , for the unique element a from 
Prop. 1 Hence, Ka~ 2 = a~ 2 K is central, so S h (g) = K l / 2 (Sg)K- 1 ' 2 . Since 
K 1 / 2 = 1 + 0(h) is group-like the uniqueness of a implies that a = K 1 ^ 2 = e hH / 2 . 
Prop. f|now tells us that for a given covariant real structure * on the undeformed 
space algebra X = X(C 2 ) = C[x-,x + ][[h]] of the plane, we have to define the 
deformed *-structure *n = * + 0(H) by 



hH 
2 



>x* (52) 



such that (X,Lih,*h) becomes a module *-algebra of ZV(su2)[[ft]] with respect to 
the deformed Hopf structure. 
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3.4 The Quantum Lorentz Algebra 

We recall the definition of quantum Euclidean algebra in 4 dimensions and the 
quantum Lorentz algebra. 

Definition 3. The tensor product Hopf *-algebraUn(s\i2) ®£4(su 2 ) is the h-adic 



quantum enveloping algebra of so^, Uniso^). Let 1Z be the universal TZ-matrix (pl|) 
ofU%(s\X2) . The Hopf algebra obtained by twisting Un(so4) with 7£J 3 = ® 1 

together with the * -structure 

(a® b)* = K 2l {b* ® a*)K 2 l (53) 

for a, b e £4(su2) is the h-adic quantum Lorentz algebra W^(sl2(C)) 



The tensor Hopf *-structure of £4(304) is given by e® 2 := e<S>e, S 1 ® 2 := S®S, 
A® 2 := T23 o (A (gi A), where r is the flip of the tensor factors, r(o ® 6) = b® a, 
and *® 2 := * <g> *. Looking at Cor. ||, (v) for the twist T := "T^ 1 we find that the 
coassociator is the unit, $ = 1. Twists with unital coassociator are 2-cocycles in 
the sense of The cocycle property guarantees that the twisted coproduct is 



coassociative. For the antipode S(a ®b)= ai(Sa ® Sb)a 1 1 we have to compute 
o-- 1 = S(FZ})Fz} = (1 <g> STi^iTl^] g> 1) = K£. Whence, the Hopf structure 
of Wfr(sl 2 (C)) reads explicitly 

A (a <8> b) = ft 23 1 A 02 (a ® b)1Z 2Z , S(a b) = lZ 21 (Sa ® Sb)K£ , (54) 

while according to Cor. Ill (ii) the counit stays undeformed. 

In the undeformed case SO4 and sl2(C) are real forms of the same complex Lie 
algebra A\ ® Ai, that is, W(so4) and W(sl2(C)) differ only by their *-structure, 
whereas in the g-deformed case the Hopf structures differ, as well. The reason 
for introducing the twist in the Hopf structure of ZY^(sl 2 (C)) is that only then the 
quantum Lorentz algebra contains a Hopf *-subalgebra of rotations, embedded 
by the coproduct A : ^4(su2) > i4(sl2(C)), which is an essential feature for its 
physical interpretation. The ^-structure of W(si2(C)) is not a twist of the product 
*-structure of Un(so^}, but of the flipped *-structure r o (* tg> *). While Eq. (|53|) 
clearly defines an algebra antihomomorphism, the involution property * 2 = id 
relies on the additional property TZ*®* = JZ21 of the 7£-matrix of Z4(su2). 

The twisting from Uniso^) to Un,(slz(C)) can be extended to Drinfeld twists 
and module algebras. 

Corollary 2. Let T' and T" be Drinfeld twists from W(su 2 ) to W^(su 2 ), TZ the 
universal TZ-matrix o/W^(su 2 ), X an h-adic W^(su 2 ) ® £-4(su 2 ) -module. 

(i) T' XZ T' 2 \ is a Drinfeld twist of from W(so 4 ) toW^(so 4 ). 

(ii) 7^23 ; ^13^24 ^ s a Drinfeld twist of from ZY(sl 2 (C)) to £-4(sl 2 (C)). 
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(iii) If (X, //) is a module algebra of U^so^) with multiplication map \x, then 
(X,p) with the twisted multiplication defined as fi(x®y) := ^(TZ 2 3> [x®y]) 
is a module algebra of Ufi(s\ 2 (C)) . 

(iv) If (X,fi, *) is a module *-algebra of the Hopf algebra Z4(so 4 ) with flipped 
-^■-structure r o (* <g> *) then (X,jl, *) is a module *-algebra ofU(s\ 2 (C)). 

Proof, (i) T'y^T'^ = t^J 7 ' <S> J 7 ") is clearly a tensor product twist of the tensor 
coproduct A® 2 = r 23 o (A ® A) 

(ii) Twisting in two steps by T'^T'^ from W(sl 2 (C)) = W(so4) to Unisoi) 
and then by TZ^ from Un^Oi) to Wr(s12(C)) is the same as twisting at once by 
^m-TVm from W(sl 2 (C)) to U h {sh{C)). 

(iii) Note, that ft is the twisted multiplication (H) for T = TZ^ ■ All we have to 
check is associativity. The defining properties of a universal 7£-matrix imply that 
the Drinfeld coassociator ([10| ) is equal to the unit. Hence, Eq. is trivially 
satisfied. 

(iv) Let us denote the flipped * structure by * T := r o (* ® *). We verify that 
= is real in the sense of Eq. ( |18b|) , 

= i ® (5® 5)(^- x ) ® i = i ® {n 2 D*®* ® i 

= {Up] ® 1)*^ ® (1 ® ^f)^ = (* T ® * r )(^ 21 ) , (55) 

where we have used (S <g> S)(K) = K and 11*®* = K 21 . Eq. (|IJ) shows that the 
*-structure of X is an antihomomorphism with respect to both multiplications, 
H and /L Then we have to check Eq. (|T5|). Denoting by S^c) an d *si 2 (C) the 
antipode and *-structure of ZY^sk^C)), we get 

[^si 2( c)(« ® b)]*^ = [n 2X {Sa ® sb)n^}*^ 

= TZ 21 [{TZ 2 ^{Sb)* <g> {Sa)*)TZ 21 )\R^ 

= (Sb)* ®(Sa)* = [S® 2 (a(g)b)]* T , (56) 

whence, [(a ® 6) > a;]* = [S® 2 (a ® 6)]* T > x* = [S shic) (a ® b)]* sl ^) > x*. □ 
3.5 Quantum Minkowski Space 

Quantum Minkowski space A^(R ,3 ) is a noncommutative deformation of the 
function algebra on real world 1+3- dimensional spacetime J7|. By definition, 
^(R 1 ' 3 ) is the Wfr(sl 2 (C))-module algebra whose generators carry the fundamental 
representation. It was shown in Cor. ^|that any £4(sl 2 (C))-module algebra is the 
twist of a Z4(so 4 ) -module algebra. We will first compute the multiplication map 
of this Wft(so4) -module algebra, quantum Euclidean 4-space, and then twist it to 
obtain the multiplication map of quantum Minkowski space. 
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Because U^so^) is the product Hopf algebra of two £4(su2), any irreducible 
representation is the product of two irreducible representations of W^(su 2 ), 

:= {V QV* J h <g> . (57) 

The generators X mm i of the quantum Euclidean 4-space are defined to carry the 
fundamental spin-(|, |) representation, 

i - i -/ 

(g <g> g) > X mm , = Xrnm' p\ i.9) m m p\ (g') m m' , (58) 

where the indices run through {-,+} = {-!,+!}. Using Eq. fl3|), the Clebsch- 
Gordan decomposition of this representation reads 

D (U) g, D f\) = D m e D (i )0) d (o,d e d (i,d (59) 



The subrepresentation by which we have to divide the free algebra C(Jf mm /)[[/i]] 
for the right noncommutative limit as h —>■ is D^' ^ © D^' l \ This corresponds 
to the quadratic relations 

El 1/2 1/2 I 1 W 1/2 1/2 I \ y Y n 

Kmx m 2 \m ) q \ m' 1 m' 2 I ) q yY m 1 m' 1 ^m 2 m' 2 u 

E (1/21/2 IOWl/2 1/2 1 1 x Y y , - 

V mi m 2 I )q \ m' 1 m' 2 \ m ) q yY m 1 m 1 ^m 2 m 2 u , 



(60) 



mi,m2,m ,m 2 



where m runs through {—1,0, 1}. Denoting the generators by (jj) := (X mm i), 
i.e., d = X ++ etc., relations (|6CiD read 

a6 = qba , ac = gca , bd = qdb , cd = qdc 
be = cb , ad — da = (q — q~ 1 )bc , 



which are the well known relations of the algebra of 2x2 quantum matrices |p6 
The quantum determinant 

detq := ad — qbc , (62) 
is scalar, (g ® > det 9 = e(y ® </) det 9 , and commutes with all generators. 

Definition 4. The h-adic algebra freely generated by {a, b, c, d} with commutation 
relations (|6l]) zs called the h-adic quantum Euclidean 4-space or the h-adic algebra 
of 2x2 quantum matrices Mn(2). 

Quantum Euclidean 4-space and M q {2) are the same algebras, for SUh(2) : = 
Mfi(2) / (det q = 1) is Hopf dual to £4(su2) in the sense of pTP , which implies that 
the comodule algebras of SUn(2) are the module algebras of £4(su2). In fact, 
let A be the coproduct of M h (2), A(X ik ) = J2j X ij ® let T : M ?i( 2 ) 
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Mr(2) be the transposition homomorphism which is defined on the generators by 
(Xij) T := Xji, let ii : M h {2) — > M h (2)/{det q = 1) be the canonical epimorphism, 
U l j := ir(Xij) the generators of SUn(2), and r the flip of tensor factors. Then 
the map <p : M H (2) -> M h (2) <g> SU h {2) ® SU h {2) defined as 

(p := [id <8> (tt o T) ® tt] o r 12 o A (2) ) = ® E^'i ® U*' j (63) 

is a homomorphism of algebras because it is a concatenation of homomorphisms, 
and a corepresentation because A(U\) = U l j ® U^k- Hence, Mr(2) together 
with <£> is a comodule algebra of SO^,(A) := SUn(2) eg) SUfi(2). The dual of this 
coaction (R3j) is the action (J55| ) by which M 9 (2) becomes a Wft(so 4 )-module algebra. 

A simple ansatz shows, that the only homogeneous highest weight vectors of 
Mr(2) are proportional to det^rf'. In analogy to the quantum plane, we have to 
define the minimal degree irreducible weight vectors by 

T (j,j) — i[(i-m)(2m-i+l)+(i-m')(2m'-i+l)] 
1 mm' ■— 1 



[j + m] ! [j + m' 



[(F j - m ®F j - m ')>d 2j ], (64) 



[2j]! 2 [j-m]![j-m']! 
for j G | No, such that they carry a spin-(j, j) representation, 

(9 ® </) >T m , £ = T££ Aigfm pk(g'r'm> • (65) 

The explicit calculation of Eq. (|64"D leads to 

_ k(m'-m-k) \j-ml V j+m' 1 r 2j p I" 2j 

± mm' / j V L k ] q~ 2 Lj+m'-k] g -2Lj+m] q -2Lj+m'] q -2 

k 

X a 3-m-k b k c m-m'+k d j+m'~k ^ (gg) 

which reduces M h {2) into irreducible subrepresentations by 

M ^( 2 ) =00 Span cp]] {detjT^ | m,m' = -j, . . . J} . (67) 

jeNo/2 fceN 

Note that mapping this equation by the canonical epimorphism tt onto SUn{2) 
yields the quantum Peter- Weyl decomposition of SUfr{2) (see [|3[], Sec. 4.2.5). As 



we argued for the quantum plane, the reduction of the product of two irreducible 
weight vectors with g-Clebsch-Gordan coefficients must again be an irreducible 
weight vector of the same degree as the product, 

E( h h I j \ I ii & I i' N T {h,h) T {h,h) _ r. a. . . ^h+h-jmUJ) / fi oN 
I mi m 2 \m)q\ m[ m' 2 \ w! iq ± m x m' x 1 m 2 m' 2 ~ U 33 h>3\323 ueL <? 1 mm' \ vo J 

mi,m 2 ,m' 1 ,m' 2 

where the Pj^j G C[[h]] are ft-adic scalar coefficients. These coefficients can be 
easily computed by applying the counit e of Mr(2), for which we have 

<T%£) = 5mm' , e(det 3 ) = 1 , (69) 
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to Eq. fl68|). This yields /%j 2 j = 1 for all ji, j'2, j- Finally, moving the g-Clebsch- 
Gordan coefficients to the other side of Eq. (|68|) produces the desired expression 
for the product fin of Mn(2), 

/^l/mim^ ® m 2 m 2 / — V m i m 2 I m )q V mi m 2 I m' Jq UeL 9 J mm' • I ' U J 

m,m',j 

Again, we compare this with the representations ( flOf) and ( [43"D of the Drinfeld 
twists of Wft(su 2 ) and obtain 



Proposition 9. Let {i% be the multiplication map (|70|) o/ h-adic Euclidean 4- 
space M h {2), fi = lim^ fi h its undeformed limit, and F s the standard twist of 
Prop. 0. Then is the deformation (||) of ji by J^ Q4 := ^13^24- 

Now we can apply Cor. |2] in order to obtain the the multiplication map and 
twist of quantum Minkowski space, twisting once more by TZ^i- Of course, the 
multiplication map of quantum Minkowski space will reproduce the well known 
commutation relations of [0. For the twist we get 

Proposition 10. Let /z^ be the multiplication map of h-adic quantum Minkowski 
space ^(IR 1,3 ), fi = lim^ /M Us undeformed limit, and J-" s the standard twist of 
Prop. 0. Then /i^ is the deformation (||) of fi by J^i 2 (c) : = 7^23 ^13^24 • 

Finally, we consider real structures. Since T s is real in the sense of Eq. ( |181~)|) . 
so is .^04 • Moreover, since J- S i 2 (c) is the twist of J r S04 by 7^ 2 3 1 ? which was shown 
to be real in the proof of Cor. ||, (iv), J- b \ 2 (q is real, as well. Hence, Prop. f| 
applies to both, quantum Euclidean 4-space and quantum Minkowski space. From 
a reasoning which is completely analogous to the one that led to Eq. fl52|) we 
conclude that the deformation * h = * + 0{h) of the real structure * of the 
undeformed Minkowski spacetime algebra X = ^(IR 1,3 ) has to be defined by 



hH hH 



x* h = (e~~ ®e~ — ) t>x* (71) 

such that * h ) becomes a module *-algebra of W(sl 2 (C))[[ft]] with respect 

to the deformed Hopf structure. 



4 Conclusion 

It is possible to use Drinfeld twists in order to realize quantum spaces as covariant 
star products. We have shown this for three important examples, the quantum 
plane (Prop. |8|), quantum Euclidean 4-space (Prop. |9|), and quantum Minkowski 
space (Prop. [TUp. While it was known that the Drinfeld twists control the defor- 
mation of enveloping algebras into quantum enveloping algebras, it is now clear 
that certain twists also control the deformation of spaces into quantum spaces. 
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This is not unexpected, since the covariance condition of the action of a symme- 
try on a space algebra ties the Hopf structure of the symmetry algebra closely 
to the multiplicative structure of the space algebra. Our considerations included 
real structures of quantum enveloping algebras and quantum spaces. In Prop. f| 
we have formulated a sufficient condition on the Drinfeld twist, its reality in the 
sense of Eq. (|18b| ), to be compatible with the real structure of a quantum space, 
and we have shown that there is a unique element a of the enveloping algebra 
which implements the deformation of the real structure. 

Star products are often defined by identifying the vector spaces of two space 
algebras X and X% by an vector space isomorphism, ip : X — > X^, and transfer- 
ring the multiplication by x * y : = <^ _1 k/>(a;)<£(?/)]. The Moyal-Weyl product is 
an example of this procedure. The linear isomorphism ip is called an ordering 
prescription, because it defines how an ordered monomial of the commutative 
algebra X has to be represented in the noncommutative algebra X%. For example 
if(xy) = \[xy + yx], where x := (f(x), y := (p(y), for the symmetric ordering. 
The star product which is obtained by the standard twist of Prop. [8] amounts 
to the ordering prescription which identifies the basis vectors which completely 
reduce the space and the quantum space respectively into its irreducible subrep- 
resentations, which is a natural ordering in the context of representation theory. 
For the quantum plane this is almost the lexicographic (Poincare-Birkhoff-Witt) 
ordering, 

V(*V)= ra^tY) 4 ^, (72) 

where we recall that x = a;_, y = x + . The basis of the spin-j subrepresentation 
is unique up to scalar multiples. A rescaling i— > /3(j)T^ with (3{j) = 1 + 0(K) 
would change the multiplication map by multiplying the right hand side of 
Eq. fl50|) with )/? — 1 1 (J2) • Identifying the scale factors with the rep- 
resentations (3{j) = pi{z) of some invertible central element z, the twist which 
realizes the star product must be redefined by T 1— > T{z ® z)Az~ 1 . We conclude 
that the twist of Prop. |S| which realizes the star product of the quantum plane is 
unique up to a central 2-coboundary. The standard twist is the unique twist with 
the additional property y* n = y n . An analogous statement is true for quantum 
Euclidean 4-space and quantum Minkowski space. 

To our knowledge, no Drinfeld twist for the Drinfeld- Jimbo deformation of 
a semisimple Lie algebra had so far been computed explicitly (see for the 



Heisenberg algebra). We have circumvented this problem by reducing the alge- 
braic questions to representation theoretic ones. Although Wa(su2) is the sim- 
plest case conceivable, an algebraic order by order calculation of the twist runs 
quickly into overwhelming combinatorial problems [|28||. An alternative approach 



would be the reconstruction of the twist from its representations, which would 
profit from the computational effort that has gone into the calculation of the 
g-Clebsch-Gordan coefficients. 
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A Appendix 

Proof of Corollary [J. Let throughout the proof g G W(g) [[/&]] be an arbitrary 
element of the ^.-adic enveloping algebra. 

(i) J r A(g)J r ^ 1 = Afr(g) = T' A{g)T'~ x implies that T~ X T' commutes with 
A(g) for all g. Conversely, let TA(g)T- 1 = A(g). Then TTA{g)J- l T- 1 = 
FAig)^- 1 = A h {g) for all g. 

(ii) By the left counit property of en we get 

e(g) = e(e h (g {lh) )g {2h )) = e(e h (J r [1] )J r m s h (g (1) )g {2 ) e h (^)J^) 
= £h(g(i))e(g {2 )) erl^e^^er^^e^^) = e h (g {1) e{g {2) )) = e n {g). (73) 

(hi) Let us define the left and right counit constraints by I := £{J-[\])J-[ 2 ] and 
r := ^ r [i]£(^ r [ 2 ]). From the left counit property of 8% — e it follows that g = 
e(9(i h ))9(2 h ) = e(^[i])^[2] e(0(i))0(2) e(^/})^/] = Igl' 1 and analogously for the 
right counit property g = rgr^ 1 . Hence, T := £(/)(r~ 1 (S>/~ 1 ) is g-invariant. By (i) 
T' := TT is a twist with V := e^)^ = e^e^^r' 1 )^' 1 = e^r" 1 )//" 1 = 
1, where we have used e(l) = e^mJ 7 ^}) = Analogously, we find that r' = 1. 
Since T 1 is invertible, T' — 01 + 0(H) for some complex number (3 ^ 0, and 
1 = 1' = /3 + 0(h) it follows that (3 = 1. 

(iv) Define U\ := S%{T^)T^. Then 

Sh{g)(y\ = S h {g(i))o-ig {2 )S{g^)) = Sft(^[i]#(i)(i))^[ 2 ]#(i)(2)£(#(2)^ 
= S h (g {1){lh) J r [1] )g {1){ 2 h )^[2]S(g(2)) = S^i])^!))^]^^)) = ^iS{g) , (74) 

where we have used the left coinverse property of S%. Analogously, defining ovT 1 : = 
TZ, SftiT^i ) and using the right coinverse property of S% we get cr^SV^fi') = 
S(g)o-2 1 . Since T is invertible, so are o\ and a 2 . Thus, Sn and S are related by 
the inner automorphisms aiS(g)a^ 1 = Sn(g) = a 2 S{g)a2 1 ■ The antipode is sur- 
jective, so erj~ a 2 must be central. Moreover, (crf 1 ^)^^ 1 ) = cr^crf 1 ^)^ 1 = 1, 
hence, erf 1 02 = o" 2 crf 1 . Finally, 

and, analogously, cr 2 = F[i]S \^F[2}) ■ 

(v) From the coassociativity of A^ we deduce 

[(A R ® id) o Aft] (g) = F 12 {A ® (A^g) (A ® id)^ 1 )^ 1 

= [(id ® Aft) o Aft] (g) = J- 23 (id ® A)(^) (A< 2 )#) (id ® A)^-!)^- 1 . (76) 

Hence, the coassociator ([TIT) commutes with all A^g. 

(vi) Since every bialgebra isomorphism is automatically a Hopf algebra iso- 
morphism and since by (ii) the counit stays undeformed, we only have to consider 
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the coproducts. Let A and Aft be related by a twist T = (u ® ujAu -1 . Then 
g i— > ugu^ 1 maps A to Aft. Conversely, assume that the two Hopf structures are 
isomorphic, so there is an algebra automorphism (3 with Aft = ((3 <S> (3) o A o (3~ l . 
Since Aft = A + 0(h) we can choose (3 = id + 0(h). Since g is semisimple 
we have H 1 (U(q),U(q)) — 0, which implies that this automorphism is inner, 
(3(g) = ugu- 1 . □ 
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